It is an interesting problem to construct genuine tripartite entangled states based on the collective use of two bipartite entangled states. We consider the case that the states are two-qubit Werner states, we construct the interval of parameter of Werner states such that the tripartite state is genuine entangled. Further, we present the way of detecting the tripartite genuine entanglement using current techniques in experiments. We also investigate the lower bound of genuine multipartite entanglement concurrence.
I. INTRODUCTION
Genuine multipartite entanglement offers significant advantages compared with bipartite entanglement in quantum tasks [1] [2] [3] . Multipartite private states from which secret keys are directly accessible to trusted partners are genuinely multipartite entangled states [4] . Furthermore, genuine entanglement (GE) is the basic ingredient in measurementbased quantum computation [5, 6] , and is beneficial in various quantum communication protocols [7] . Many efforts have been devoted towards the detection of genuine entanglement. For instance, GE can be computed efficient by the generalized geometric measure [8] , a series of linear and nonlinear entanglement witnesses [9] [10] [11] [12] [13] [14] [15] [16] [17] , generalized concurrence [18] [19] [20] [21] and Bell-like inequalities [22] . Although these methods were derived and a characterization in terms of semidefinite programs was developed [23] , the problem of detecting GE remains far from being satisfactorily solved.
In the one-dimensional cluster-Ising model [24] , the genuine tripartite entanglement between three adjacent spins is the only source of genuine multipartite entanglement. The tripartite state is either a GE state or a biseparable state. The determination of bipartite entanglement has much more tools in theory and experiments [25, 26] than that of tripartite states [10] . It is known that all positive partial transpose (PPT) state are never distillable, so distillable state must be non-positive partial transpose (NPT) state [52] . The distillability problem is a main open problem of quantum information. It asks whether bipartite NPT states can be asymptotically converted into pure entangled states under local operations and classical communications (LOCC) [27, 28] . To solve the problem, there are several attempts by converting states into Werner states by LOCC [29] [30] [31] . On the other hand, progress towards distilling entangled states of given dimensions or deficient rank has been made steadily. For example, in [32] , it shows that a bipartite NPT quantum state of rank four is distillable. Besides, any biseparable state is a PPT mixture [16] . As far as we know, the relation between genuine tripartite entangled state and NPT or PPT states is not well studied.
In this paper, we investigate the tripartite GE of tensor product of two NPT Werner states ρ w (p 1 , d), ρ w (p 2 , d). In [27] , if Werner states form ρ w (p, d) were distillable then it equals to NPT states would be distillable through the reductions. Then we present the region of detecting GE of constructing tripartite state ρ ABC containing ρ w (p 1 , 2) AC1 ⊗ ρ w (p 2 , 2) BC2 of systems A, B and (C 1 C 2 ) in Theorem 5. Besides, we present the region of parameter p for detecting GE of tensor product of two Werner states in Theorem 5. There exist a neighborhood h = [0, 0.05934) such that ρ w (−1 + , 2) AC1 ⊗ ρ w (−1 + , 2) BC2 is a tripartite genuine entangled state for all ∈ [0, h]. Then we discuss the realization of Theorem 5 in experienment, and investigate Conjecture 3 when one of ρ w (p 1 , 2) AC1 and ρ w (p 2 , 2) BC2 is a PPT entangled state. We also correct the lower bound for genuine multipartite entanglement concurrence in Theorem 6 and apply the method in Example 7 and Example 8. Then we use it to detect the GE of ρ w (p 1 , 2) AC1 ⊗ ρ w (p 2 , 2) BC2 in Appendix A. If the conjecture is true, then we can construct genuine tripartite entanglement state from two Werner states. Furthermore, it is a special case of constructing an (n + 2)-patite genuine entanglement state from two (n + 1)-partite states.
In quantum information theory, the strong subadditivity plays a crucial role in nearly every nontrivial insight [33] [34] [35] . For a tripartite state ρ ABC , the inequality says S(ρ AC ) + S(ρ BC ) ≥ S(ρ ABC ) + S(ρ C ), where S(α) is the von C, where C = C 1 C 2 . If α AC1 and β BC2 are entangled, then we conjecture that ρ ABC is a tripartite genuine entangled state. We partially prove the conjecture in Theorem 5 by showing that ρ ABC is a tripartite gunuine entangled state for the interval [-1,-0.94066] of parameter of Werner states.
Neumann entropy of quantum state α. The inequality is saturated when there exists a decomposition of system C as
Indeed it is a special case of the necessary and sufficient condition constructed in [34] . Studying the conjecture in Fig. 1 thus may help understand the relation between the genuine entanglement and strong subaddivity. The rest of this paper is organized as follows. In Sec. II we introduce the preliminary knowledge used in this paper. In Sec. III we present our results on the detection of genuine entanglement. In Sec. IV we investigate the lower bound of GE concurrence. This paper ends up with a conculsion in Sec. V.
II. PRELIMINARIES
In this section we introduce the preliminary knowledge used in this paper. First, genuinely multiparty entangled state is a particularly useful notion in the theory of entanglement but also have found an application, for example, in quantum error correction and cryptography. Besides, genuinely multiparty entangled states can construct genuinely entangled subspace [36] . Next, we define the notations of generators of special unitary group SU(d) and the k norm for m × n matrix. Then we present two methods to detect GE of quantum state in Theorem 1 and Theorem 2.
We review the definition of genuinely multiparty entangled state. A multipartite quantum state that is not separable with respect to any bipartition is said to be genuine multipartite entangled [37] . Denote H d i as d-dimensional Hilbert spaces, i = 1, 2, · · · , n. An n-partite pure state |ψ ∈ B(H 1 ⊗ H 2 ⊗ · · · ⊗ H n ) is called biseparable if it can be written as
where |ψ S1 ∈ B(H S1 ) = B(H s1 ⊗ H s2 ⊗ · · · ⊗ H s k ), |ψ S2 ∈ B(H S2 ) = B(H s k+1 ⊗ H s k+2 ⊗ · · · ⊗ H sn ), and {s 1 , · · · , s k |s k+1 , · · · , s n } is a particular order of {1, 2, · · · , n}. An n-partite mixed state ρ is biseparable if it can be written as a convex combination of biseparable pure states
where 0 < p i ≤ 1, p i = 1, and |ψ i is biseparable with respect to different bipartitions. Otherwise, it is called genuinely n-partite entangled.
Next, let λ i , i = 1, · · · , d 2 − 1, denote the generator of the special unitary group SU(d) [38] . For example, when d = 3, the generators λ-matrices of the unimodular unitary group SU(3) are as follows, 
and Tr(λ k λ l ) = 2δ kl , k, l = 1, 2, · · · , 8. Besides, the generators of SU(d) are the elements of Bloch vector, which gives the desirable description of the states for N -level systems. Let I be the d×d identity matrix. Any ρ ∈ B(H d 1 ⊗H d 2 ⊗H d 3 ) can be represented as follows,
We know that Tr(λ k λ l ) = 2δ kl from the second section of [39] . Then according to (4) , we obtain that
, T (12) , T (13) , T (23) , and T (123) to be the vectors with the entries t 1
respectively. Then we show three norms for an m × n matrix M as follows,
where {σ i } (i = 1, · · · , min(m, n)) denote the singular values of the matrix, which are in non-increasing order. Notice that the last Ky Fan norm is the trace norm. Let M k = k i=1 σ i denote the k norm for an n × n matrix M , where σ i , i = 1, · · · , n, are the singular values of M in decreasing order. After by presenting the definition of M k (ρ), then we obtain Theorem 1 in the following.
Theorem 1 Consider the average matricization norm
for a tripartite qudit state ρ. If it holds that
for any k = 1, 2, · · · , d 2 − 1, then ρ is a genuine multipartite entangled.
In the following, by using Theorem 1, we shall detect the genuine entanglement of another type of tripartite states. This state is tensor product of two Werner states, which are invariant under all unitaries of the form U ⊗ U [40] . Theorem 1 can detect GE not only for tripartite qubit systems but for any tripartite qudit system.
Next, denote · the Frobenius norm of a vector or a matrix M = M KF is just the Ky-Fan norm. From Vicente criterion in [41] , then we have Theorem 2.
Theorem 2 For an arbitrary tripartite qudit state it holds that
then the state is genuine multipartite entangled.
The result shows that a high value of this measure can imply not only some entanglement but even genuine multipartite entanglement. The power of this condition increases with the subsystem dimension improving remarkably on [10] . By applying the condition of Theorem 2, all the quantities are invariant under local unitary transformations on the density matrix, then we can detect GE of the states in Example 8. Hence, if the lower bound is already large enough to violate the inequality given by Theorem 2, then we conclude with certainty the presence of genuine multipartite entanglement . On the analogy of Theorem 2, we also hope to improve it for larger d.
III. GENUINE ENTANGLEMENT DETECTION OF TENSOR PRODUCT OF TWO BIPARTITE ENTANGLED STATES
In this section, we consider how to construct a tripartite GE state for two bipartite entangled states α AC1 and β BC2 by involving the tensor product and the Kronecker product, it provides a systematical method to construct GE states. We mainly investigate the following conjecture 3 for bipartite entangled states. It's known that each NPT bipartite state can be convert into an NPT Werner state by using LOCC, then we introduce the definition of Werner state at first. The Werner state on
where the parameter p ∈ [−1, 1]. It has been proved [27] 
and (iii) NPT and one-copy distillable when p ∈ [−1, − 1 2 ). Hence studying the Werner state with p = −1/2 and 1 would characterize the behavior of Werner states over the whole interval of p. This is one of the motivations why we propose the following conjecture.
Conjecture 3 (i) Suppose α AC1 and β BC2 are two bipartite entangled states of systems A, C 1 and systems B, C 2 , respectively. Then α AC1 ⊗ β BC2 is a GE state of systems A, B and C, where C = (C 1 C 2 ).
(ii) Suppose α AC1 and β BC2 are two-qubit entangled states. Then we have α AC1 ⊗ β BC2 is a tripartite state if and only if there is a neighborhood [0, h), for all ∈ [0, h), the state ρ w (2, −1 + ) AC1 ⊗ ρ w (2, −1 + ) AC1 is a tripartite GE state.
One may show that Conjecture 3 (ii) is a special case of (i). We first consider to attack the generic one in Theorem 4, by introducing a known result from [42] . Next, to detect the GE of tripartite state ρ w (2, −1 + ) AC1 ⊗ ρ w (2, −1 + ) BC2 in Conjecture 3, we construct a special state ρ in Theorem 5.
where α AC1 and β BC2 are two-qubit NPT Werner state, then α AC1 ⊗ β BC2 ∈ H ABC is a tripartite state with C = C 1 C 2 .
(i) When p 1 = p 2 = −1, the region of the GE detection of state ρ is maximum for 0.902646 < x ≤ 1.
(ii) When x = 1, then the GE of state ρ can be detected for −1 ≤ p 1 ≤ −0.940198, −1 ≤ p 2 ≤ −0.94066. 
In the following, we detect GE of ρ by Theorem 1. First, we assume that P = |0 0| + |1 1|, where |0 , |1 ∈ C 4 . Then we have (P ⊗ P ⊗ I 4 )ρ(P ⊗ P ⊗ I 4 ) = ρ. From the definition of t 123 ijk , we obtain that
According to (16) 
By analysing the maximum of the coefficient of x in Fig. 2 , then Theorem 1 can detect the GE for 0.902646 < x ≤ 1.
(ii) Consider the boundary condition of p 1 and p 2 in the region of x that GE can be detected. Then in Fig. 3 , we know that the boundary condition of p 1 , p 2 is
where x = 1.
To compare the region of x that GE of state ρ can be detected, then we introduce another method in the next section. In Appendix A, by using other two different ways to detect GE of state ρ. Thus, we obtain that the maximum region of x that can detect ρ by using Theorem 1. Let Q = |1 1| + |2 2|, then we have
From (20) 
is also a tripartite GE state. According to the results of Theorem 5, we have ρ w (p 1 , d 1 ) ⊗ ρ w (p 2 , d 2 ), 2 ≤ d 1 , d 2 is also a tripartite GE state for the region of p 1 , p 2 in Fig. 3 . Because NPT states can be convert into NPT Werner states by LOCC, we have obtained a large set of distillable NPT states whose tensor product is a tripartite GE state. In the following we discuss the realization of Theorem 5 experimentally. The realization of two-qubit Werner states has been extensively studied in experiment over the past several years, using techniques of photon polarization, spontaneous parametric down conversion (SPDC), and semiconductor quantum dot [43] [44] [45] [46] . So it is feasible to practically detect the genuine entanglement of the state ρ ABC = α AC1 ⊗ β BC2 with the two bipartite NPT entangled . This is a two-qubit local unitary operation and may be implemented effectively. Next we experimentally prepare the two Werner states in system AC 1 and BC 2 , respectively, using the techniques in [43] [44] [45] [46] . Note that their parameters p 1 , p 2 in (11) may be influenced due to white noise. By measuring the Werner states using quantum tomography, we may determine whether the parameters p 1 , p 2 are restricted in the interval in Theorem 5 (ii). If this is true then we may detect their genuine entanglement using Theorem 5 (ii). It will support Conjecture 3 from a practical point of view. So far we have investigated Conjecture 3 for NPT entangled states α and β. Finally we discuss Conjecture 3 when one of α and β is a PPT entangled state. It follows from Theorem 4 that Conjecture 3 holds when one of α, β satisfies that its range is not spanned by product vectors. For example, the PPT entangled states constructed from the unextendible product bases (UPBs) are such states [47] . Another example is the so-called completely symmetric
, where λ i , λ > 0, |φ i = |x i , x i , for i = 0, 1, . . . , 6, and |x i = |i , i = 0, 1, 2, 3
It has been proven that [48] by choosing a positive constant λ we obtain that α is a 4 × 4 PPT entangled state of rank six, and the range of α has no product vectors. Since the coefficients λ i 's of σ are arbitrary positive numbers, we have constructed a family of PPT entangled states α satisfying Conjecture 3.
The third example is the state β = (|00 + |11 + |22 )( 00| + 11| + 22|)
It has been used for the separability criteria using symmetric extension [49] , and the well-known PPT square conjecture recently [50] . One can show that β is a PPT state of rank ten, and the range of β has only eight linearly independent product vectors. So β is entangled and violates Theorem 4. We have shown that such β and any state α satisfy Conjecture 3. Nevertheless, studying Conjecture 3 for the PPT entangled state β whose range is spanned by product vectors remains an open problem.
In the next section, we show a different method to detect the lower bound of the GE of quantum state, then we compare the region of detecting GE of state in the Example 7 and Example 8.
IV. THE LOWER BOUND OF DETECTING GE OF QUANTUM STATE
In this section we investigate the genuine entanglement of tripartite states in terms of the entanglement measure. As the computation of any proper entanglement measure is in general an NP-hard problem, it is crucial for the quantification of entanglement that reliable lower bounds can be derived. In this section, we present the lower bound of detecting GE of quantum state.
The GE concurrence is proved a well-defined measure [18] . For example, the GE concurrence is defined by
, where ρ i is the reduced matrix for the i-th subsystem. And for mixed state ρ ∈ B(H d
, the GE concurrence is C GE (ρ) = min pα,|ψα p α C GE (|ψ α ). The minimum is taken over all pure ensemble decompositions of ρ. We show that the GE concurrence satisfies the following fact.
Theorem 6 For a tripartite qudit state ρ, the GE concurrence satisfies the following inequality,
Proof. First, we consider pure states ρ = |ψ ψ|. We have Tr ρ 2 = 1 and hence
We denote ρ jk as the reduced density matrix for the subsystems j = k = 1, 2, 3. Using (4), we have
Tr
and Tr ρ 2
Setting C = T (123) 2 in (24), we obtain
If we assume that T (2) 2 + T (3) 2 = 0, and we use T (1) 2 ≤ 2(d−1) d of [41] , then we obtain that Tr ρ 2 − Tr ρ 2 1 ≥ −(1+d)(d−1) 2 d 3 + 1 8 C, and the same lower bound of Tr ρ 2 − Tr ρ 2 2 and Tr ρ 2 − Tr ρ 2 3 . Thus
Next we consider the mixed quantum state ρ ∈
. Let ρ = p α |ψ α ψ α | be the optimal ensemble decomposition of ρ. We obtain that
where we have used the convexity of Frobenius norm and √ x − y ≥ √ x − √ y for x > y > 0.
In the following we present two examples showing the power of Theorem 6. To explain the example, we choose λ 1 = 1 0 0 1 , λ 2 = 0 −i i 0 and λ 3 = 0 1 1 0 as generators λ-matrices of SU (2).
According to Theorem 6, then we have
From (34) , we obtain that Theorem 6 can detect GE of state ρ when 1 2 √ 6 ( 12x 2 + 11y 2 − 3) ≥ 0 in Fig. 4 . So we obtain that the lower bound of detecting GE of state ρ. (see Fig. 5 ). To detect the genuine entanglement of ρ, then we respectively use the ways in Theorem 1, Theorem 2 and Theorem 6, the results are as follows, (i 
(ii) By using Theorem 2, we have
(iii) By using Theorem 6, we have
≈ max{−0.7698 + 0.7698x, 0}.
In Fig. 6 , the lower bound of GE concurrence in Theorem 1 can detect GE better than Theorem 2 and the Theorem 6. To conclude, we point out that some results of this section have corrected some suspicious claims from [51] . First in Theorem 6, our article corrects the maximum lower bound for genuine multipartite entanglement concurrence in terms of the norms of the correlation tensors of T (123) α . Next, in Example 7, we have corrected the lower bound for genuine multipartite entanglement concurrence. In Example 8, we have corrected the representation of M (ρ) and the lower bound for GE concurrence. Then we obtain that the result of Theorem 6 cannot detect tripartite GE in Example 8.
V. CONCLUSIONS
In this paper, we have asked whether the product of two entangled states α AC1 , β BC2 is still tripartite genuine entangled, which has been formulated by Conjecture 3. Then we have discussed the realization of Conjecture 3 in experiment by using two Werner states. By restricting the interval of parameter p 1 and p 2 , we can detect the tripartite genuine entanglement. Besides, we also have corrected the lower bound for genuine multipartite entanglement concurrence of any quantum states, and have detected genuine entanglement in two examples by using it.
A direct open problem from this paper is to keep studying Cojecture 3 for region of parameter p of two bipartite NPT states and more general cases. However, it is also very interesting to find out a counterexample, because it shows the physical difference between bipartite and tripartite genuine entanglement. On the other hand, in the region of x that GE of state ρ can be detected, we consider the boundary condition that can detect GE of state ρ. From (A1), we obtain that the GE of ρ can be detected when √ 3 p 2 2 + p 1 p 2 2 + p 2 1 (1 + p 2 + 2p 2 2 ) (2 + p 1 )(2 + p 2 )
x ≥ 3 2 5 2 .
(A2)
Then we have the boundary condition that can detect GE of state ρ is
From (A3), then we obtain that negative correlation between p 1 and p 2 for −1 ≤ p 1 , p 2 ≤ −0.981475. In the region of p 1 , p 2 , the GE of state ρ can be detected. Specially, when p 1 = p 2 = −1, the region of GE detection of state ρ is maximum.
(ii) By using Theorem 6, we have T (123) = √ 3 p 2 2 + p 1 p 2 2 + p 2 1 (1 + p 2 + 2p 2 2 ) (2 + p 1 )(2 + p 2 )
x.
(A4)
Then we obtain 
From the maximum of √ 3 √ p 2 2 +p1p 2 2 +p 2 1 (1+p2+2p 2 2 ) (2+p1)(2+p2) x = √ 6 when p 1 = p 2 = −1, then we have max T (123) = √ 6x. So we obtain that Theorem 6 can detect the GE of ρ for 0.968246 < x ≤ 1.
Thus, by comparing the region of x for detecting GE of state ρ in Fig. 7 , we obtain that the Theorem 5 can detect GE of state ρ for the maximum region of x.
